One-loop divergences for gravity non-minimally coupled to a multiplet of scalar fields: 
calculation in the Jordan frame. I. The main results. 
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Using the generalized Schwinger-DeWitt technique, we calculate the divergent part of the one- loop 
efTective action for gravity non-minimally coupled to a multiplet of scalar fields. All the calculations 
are consistently done in the Jordan frame. 
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I. INTRODUCTION 

One of the main problems in quantum field theory is 
the appearance of ultraviolet divergences and the neces- 
sity of their renormalization (see e.g. [H-Q). Hovsrever, 
the quantum field divergences are not only the cause of 
troubles, but can also be an important source of informa- 
tion. The requirement of renormalization invariance, i.e. 
the independence of the physically measurable quanti- 
ties of the parametrization of the renormalization proce- 
dure, requires that the renormalization group equations 
[l|, 3, m are fulfilled. Their solutions permit in turn to 
connect the values of the physical quantities under study 
at different energy scales. The theory of renormaliza- 
tion works very well for renormalizable theories, where all 
the divergences can be eliminated by means of introduc- 
ing a finite number of counterterms to the Lagrangian. 
But its application becomes problematic in the case of 
non-renormalizable theories, where the number of diver- 
gent structures is unlimited. As it is well known, quan- 
tum gravity is a non-renormalizable theory [^-Q . Indeed, 
the gravitational coupling constant has mass dimension 
minus two. Thus, the Feynman diagrams, which con- 
tain a growing number of graviton loops, lead formally 
to an infinite set of different counterterms. As regards 
pure gravity theory, it was shown that at the one-loop 
level no physically relevant divergences remain on mass 
shell; all of them can be absorbed by a field redefini- 
tion 0. However, at the two- loop level, pure gravity is 
non-renormalizable If gravity interacts with matter, 
namely with a scalar field, it becomes non-renormalizable 
already in the one- loop approximation Q. For the sit- 
uation of rcnormalizability in the presence of SUSY see 
e.g. M- 

Nevertheless, from the effective field theory point of 
view [sl it makes sense to work with the usual non- 
renormalizable Einstein gravity and to apply such a use- 
ful tool as the renormalization group equations. Wein- 
berg has suggested that concepts like asymptotic safety 
could be very fruitful in the application of the renormal- 
ization group to quantum gravity Q. A theory is con- 
sidered to be asymptotically safe if "essential coupling 



parameters" approach a non-trivial fixed point as the 
momentum scale goes to infinity. Asymptotic safety can 
be treated as a generalization of the notion of rcnormal- 
izability, which fixes all but a finite number of coupling 
constants of a theory. Nowadays, the study of asymptotic 
safety and fixed points in quan tum gravity has undergone 
an immense development |12l4l5j . 

It is also worth noticing that the standard formalism 
of the renormalization group can be generalized to the 
case of non-renormalizable theories [l6[ . This procedure 
looks especially natural in the framework of dimensional 
regularization (T7| . 

The study of the interaction of gravity with matter is 
important from both the theoretical and phenomenolog- 
ical point of view. First of all, let us notice that consid- 
ering the Einstein theory in the presence of a scalar field, 
it is natural not to limit ourselves by just introducing 
the metric into the kinetic term for the scalar field (the 
so-called minimal interaction), but to accept the modifi- 
cation of the Einstein-Hilbert curvature term by adding 
a term proportional to R4>^ , where R is the scalar cur- 
vature and (/) is a scalar field. Indeed, such a structure 
arises in a natural way as a one-loop quantum correction 
to the Lagrangian of the scalar field in a curved space- 
time, a fact that has stimulated the elaboration of the 
theory of induced gravity [181 . |19i] . Furthermore, it was 
noticed that cosmological models with non-minimal cou- 
pling between an inflaton scalar field and gravity have 
some advantages compared to infiationary models based 
on a minimally coupled infiaton scalar field j20l - |23| . The 
models with non-minimal coupling were considered also 
in the framework of one-loop quantum cosmology j23-[2^ 
to study the properties of the no-boundary 27, [28| and 
tunneling |29h32| | wave functions of the universe. 

While old cosmological models with a non-minimally 
coupled scalar field [20|-[2^ have explicitly or implicitly 
associated such a field with Grand Unification Theories, 
recently the idea was put forward that the non-minimally 
coupled infiaton scalar field is the Standard Model Higgs 
boson In [sJl it was shown that quantum effects 

are essential for the correct description of the infiation- 
ary dynamics in the model based on the non-minimally 
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coupled Higgs field. In (35l - [39| the renormalization group 
formalism was used to establish a relation between the 
known values of the coupling constants of the Standard 
Model at the electroweak scale to their values at the in- 
flationary scale in the presence of a strong non-minimal 
coupling between the Higgs field and gravity. In [10, |4l| 
the same problem was considered with an additional sin- 
glet scalar field that can be responsible for the presence 
of dark matter. The fitting of the effective Higgs infla- 
tionary potential in the model with non-minimal coupling 
directly to WMAP5-I-BA0-I-SN data was undertaken in 
(4^ . In [4^ the non-minimal inflation scenario was com- 
bined with the seesaw mechanism, whereas in [31 the 
relation between non-minimal inflation and supergravity 
was studied. 

The renormalization group calculations performed in 
jssl - lsgj give qualitatively similar results, which suggests 
that the non-minimally coupled Higgs inflation model is 
compatible with observations. However, there are some 
quantitative differences between the results obtained in 
these papers. The roots of the discrepancies lie in the 
different treatment of the suppression mechanism for the 
contribution of gravitons and the Higgs scalar field mode 
to the quantum loops. Thus, the study of such sub- 
tle questions as the relation between Jordan and Ein- 
stein frames (see e.g. [45|,|4^), the parametrization of the 
scalar field multiplets, and the conservation of the gauge 
invariance becomes urgent. Moreover, the fact that we 
do not consider a single scalar field, but a multiplet of 
scalar fields, causes the transformation from the Jordan 
frame to the Einstein frame and back to be more involved 

mill. 

In the present paper we shall calculate the one-loop 
divergences in the theory with an arbitrary non-minimal 
coupling between the multiplet of scalar fields and grav- 
ity in the Jordan frame. Here it is necessary to empha- 
size that working with the non-minimally coupled scalar 
fields, one often uses both frames simultaneously. In [i^ 
the one-loop divergences for a singlet scalar field non- 
minimally coupled to gravity were calculated for a sys- 
tem of generalized potentials, and the formalism for the 
generalized renormalization group equations was devel- 
oped. Starting from the action written in the Jordan 
frame, the authors of (49j have undertaken the transition 
to the Einstein frame by a conformal transformation of 
the metric and by a proper redefinition of the scalar field 
such that the interaction between the scalar field and 
gravity becomes minimal and the kinetic term for the 
scalar field acquires the standard form. Then the one- 
loop divergences were calculated by using the generalized 
Schwinger-DeWitt technique [s^, Ei for the fields in the 
Einstein frame. Finally, the result was rewritten in terms 
of the original Jordan frame fields. The conformal trans- 
formation between the Jordan and Einstein frames is a 
legitimate operation at the classical level, but it becomes 
dangerous when the quantization of fields is involved. 

For this reason, in the present paper we perform all cal- 
culations exclusively in the Jordan frame and present the 



divergent part of the one-loop corrections as our main re- 
sult. In the subsequent paper [s^l, these results are used 
to compare them with the results obtained by the meth- 
ods of [431 for the case of a multiplet of scalar fields. The 
third paper [s^l of the series will be devoted to impor- 
tant applications within cosmological models based on a 
non-minimally coupled Higgs field that plays the role of 
the infiaton. 

The structure of the paper is as follows: in Sec. II we 
briefly describe the algorithm of the calculations for the 
divergent part of the one-loop effective action. In Sec. HI 
we give the complete expression for this divergent part. 
Sec. IV is devoted to cross-checks and comparison with 
known results. A major source for such a comparison are 
the results of Shapiro and Takata [sj], who have made 
similar calculations for the case of a single scalar field. 
Sec. V contains concluding remarks and the announce- 
ment of the content of the subsequent papers. 

II. ONE-LOOP DIVERGENCES IN THE 
JORDAN FRAME: THE ALGORITHM 

We consider a model with the action 

(1) 

where 

ip=^5^^^^^, a = l,--- ,iV, (2) 

that is, gravity interacts with a multiplet of real scalar 
flelds. The generalized potentials [/, G and V are invari- 
ant with respect to rotations in the A^-dimensional space 
and are thus ultra- local functions of the modulus Lp. It is 
convenient to consider a Euclidean manifold Ai. We use 
the following deflnition of the Riemann tensor: 

In what follows, we use the background field method and 
split the generalized field 

into a background part tpA and fluctuations 6^a^ where 
and 

The action ^ should be complemented by the gauge- 
breaking term 

Sgb = -1 [ d^x^x^x"", (7) 
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where the function Xn represents the generahzation of 
the well-known background covariant DeWitt condition 
MM: 



(8) 



where h = g°'^hap . Here, f"'{'-p) is an arbitrary function 
whose explicit form will be chosen later. 

To calculate the one-loop divergent part of the effec- 
tive action in the model with the action ([1]) using the 
background field formalism [5l| , we need to know the 
second-order differential operator 



Fab = 



5^{S + SGn) 



(9) 



We also have to take into account the contribution of 
the Faddeev-Popov ghost term, which is given by the 
determinant of the ghost operator defined as 



Q0 = 



(10) 



where ^'^ is a vector field realizing the general gauge 
transformation of the field variables by their Lie- 
dragging. 

Let us now briefiy remind the main steps of the gen- 
eralized Schwinger-DeWitt algorithm for the calculation 
of the one- loop effective action [s^, [HI- The one- loop 
effective action for gauge theories has the following form: 



loop 



— Tr In ^ 



+ Trlng(^ 



(11) 



Here, ip^ is the full set of fields, S'tot[V' ] is the total 
action of the theory including the gauge-breaking term 
and Tr is the functional trace. Generally, the second- 
order operator (|9]) has the following form: 



Fai 



Wai 



(12) 



where is a covariant derivative defined with respect 
to some general affine connection. 

For the application of the Schwinger-DeWitt algo- 
rithm, the operator Fab should have the so-called mini- 
mal form, i.e. 



^A 



, pB 
"a + ^A 



1 



RSF, 



(13) 



where I?^ is a new covariant derivative defined with re- 
spect to a new connection and the term i?/6 is subtracted 
for convenience. To arrive from (jl2[) at the minimal form 
([T3| one should satisfy the condition 



C^^CABg' 



(14) 



and absorb the term 2r^^Vp linear in the derivative by 
defining the new covariant derivative V^. 

The proper choice of the gauge condition ^ guaran- 
tees that the condition ([T4)) is satisfied. That means that 
the second-order derivatives in the operator Fab arc pro- 
portional to the d'Alembertian. We then multiply the op- 
erator Fab by the inverse matrix C'-~^'>'^^ to eliminate 
the dependence of the operator (jl3p on the matrix Cab ■ 
Finally, in order to remove the term linear in the deriva- 
tive we should redefine the affine connection by adding 
the term proportional to ^ab to it . 

Now we are ready to apply the Schwinger-DeWitt algo- 
rithm. The logarithmically divergent part of the one- loop 
effective action is 



1 



i~'°°P 327r2(2-a;) 

1 



167r2(2-a;) 



d^a;7^tr[(a2)/] 

d^xV5tr[(a2Q);] . (15) 



Here, 



{0'2)a is the second coefficient of the Schwinger- 



DeWitt expansion for the operator F^^ , whereas (02 q)^ 
is the analogous coefficient for the ghost operator Q^. 
The parameter w is the half-dimensionality of spacetime. 
The general formula for the (02 )J^ is [5H 



(«2)i^ 



180 



r 



12 



(16) 



Here, □ denotes the d'Alembertian defined with respect 
to the standard covariant derivative, where the role of the 
affine connection is played by the Christoffel symbol. The 
terms including □ are proportional to a total divergence 



and can be discarded, 
defined as follows: 



The curvature tensor 7?,,, 



(17) 



Now we would like to fix the function ^^{f) for the 



gauge condition (|5]). The gravity part of (|5]), which co- 
incides with the well-known de Donder gauge, implies 
the proportionality of the part being of second order in 
derivatives in the graviton-graviton block ^^i. xt' of the 
operator Fab to the d'Alembertian 



51| 



It is easy to see 
that the second variation of the action with respect to the 
scalar fields is also proportional to the d'Alembertian, in- 
dependently of the form of the function /° ((p) . The non- 
diagonal terms arise in the mixed functional derivatives 
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and they have the form: 



6S, 



ShafjSa^ 



(18) 



where a "prime" denotes the derivative with respect to 
(p and 

(19) 



It follows immediately from ([TS]) that by choosing 



fa 



U' 
1 

u 



(20) 



we obtain the proportionality of the operator Fab to the 
d'Alembertian. 

Now we write down the explicit expressions for the 
cocfScients Cab , ^ab ^ab in Eq. ((T^ . 
We have 



Cab ~ 



V 



) 



(21) 
(22) 

(23) 



with the abbreviation Cap^s |50| given by 
The inverse is 

such that 

G"^^-G;,.^5 = ^ <5f^<5,^) = \ (s^Sf", + <5,"5^) . (24) 
Then, 

-L 11 i 12 



pi/ 



(25) 



-L 21 



1/ T^Z^ 



22 



where the subscript 1 stands for the graviton perturba- 
tion h^i,, while the subscript 2 denotes the scalar field 
perturbation ct": 

^ (26) 



r22 = ^ G' g'"- - <5fc,J,d + Sac^M + 5ab5,a) 



(27) 
(28) 



1 C^V.r rr (C^')' 

2 [Ubc ria + Uac rib — 



ria rib ric) g^" . 

(29) 



Analogously, we have for Wab- 



Wii = U K"''^''^ + C S"'^''^ + VC"'^''^ + 



(30) 



Wi2 = C^P^" {V' g^, ~ 2 U' R^, + G' Ub 



M^21 = «a GT*^"- - 2 [/' i?^, + G' $e; . 

_ 2 C' Ub $a; M - 2 G''*^'^ G $a; 



M^22 = Uab R--Cab ^^^^^'^ - + G,5 ^ 

+ G'nb(n$a) . 



with 



(31) 

(32) 
(33) 



2 2 2 

+ lgf>ilRSy' ^ 1^07/35 ^ l^a5/37 ^ (34) 



io"(7(J)a;'S)<I);/3 _ io/3(7(1>a;<5)(b;" 



(35) 



(36) 



The following formulae for a general function Z{ip) will 
be useful: 



(37) 



Z" na^b + — \5ab - riaUbj , (38) 



Za 



be 



ria [z"5bc - Zbc^ 
(39) 



+ rifc ( Z"(5ac - ^ac I +nc{ Z"5ab - Zab 



The next step in the algorithm described above is the 
calculation of the inverse matrix G^"^-'^'^. We obtain 
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1\BC 



3 u 5Acr 9^5 



U' c 



-Sjj-n''gxa 



1 / ^bc _±_ ^ 



(40) 



n n ] + s n n 



where the factor s is given by the formula 

' ^ GU + 3C/'2 ■ ^^^^ 

It is exactly this factor that is responsible for the suppres- 
sion of the contributions of quantum loop corrections, in 
particular for the suppression of the Higgs field propa- 
gators in models with a strong non-minimally coupled 
Higgs field H^^Hl- 

We abstain from writing down the results of the mul- 
tiplication of the operator Fab by the inverse matrix 
(j(-^)AB ^ By redefining the covariant derivative, we fi- 
nally arrive at the minimal form of the operator . 
Now we also have to find the Faddeev-Popov operator. 
Applying the definition (1101) . we obtain 

Qi=5iU + 2'''T^^V, + ''''w£ , (42) 

with 
and 

'''V/ = i?i^-^n,V„V''<I>". (44) 

The Faddeev-Popov ghost operator ([42]) also contains a 
term linear in the derivative. To absorb this term into the 
d'Alembertian we must again redefine the general affine 



connection for the ghost operator, just like it was done 
for the main operator F^. As in the case of F^ we re- 
frain from writing down the explicit formula for the final 
minimal form of the Faddeev-Popov operator. 
Now we are in a position to apply the formulae (|15p and 
P6I) . Since a vast number of terms are generated during 
the algorithm, we used ((2T|) - (|44)) as an input and have im- 
plemented the Schwinger-DeWitt algorithm in the Math- 
Tensor package [s^ to calculate the final result for the 
divergent part of the one-loop effective action. This will 
be presented in the next section in a closed form. The 
result is rather lengthy, but we organize it in a "physi- 
cal" way to facilitate its use. First of all, for practical 
purposes in a cosmological setup, the most important 
quantum corrections arc X^i-ioop; C^i-ioop and Gi_ioop and 
the result for those corrections is not very long. Then, we 
have arranged the result as a polynomial in the suppres- 
sion function s((/9), which is approximately zero for suffi- 
ciently high energies (as it is the case during inflation). 
However, the remaining structures, which are partly very 
long, are nevertheless very important from a physical per- 
spective. As mentioned in the introduction, we adopt the 
viewpoint of an effective field theory, which is valid up to 
a specific energy scale determined by a cutoff. The mag- 
nitude of this cutoff depends on the coefficients of the 
remaining structures, since they are supposed to be sup- 
pressed sufficiently by powers of this cutoff to guarantee 
the applicability of the model up to the corresponding 
energy scale. 



III. ONE-LOOP DIVERGENCES IN THE JORDAN FRAME: THE RESULT 

The divergent part of the one-loop effective action for a scalar multiplet non-minimally coupled to gravity in the 
Jordan frame can be written as the following sum of a minimal set of 21 independent structures: 



* 1-loop ^rj 



+ aj , + as + a, R + a,o R (^"^n,*'' ^ ^n^) + a,, R ($f/ 

+ ai6 ^^'^n,*^,^^ ■ ^<i>' + ai7 'fy<^a; : + "18 / n,f + aig ($;^^$,^)($f/nfc) 



(45) 
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The structures in (j45|) are ordered with respect to an increasing number of derivatives and furthermore sorted by 
pure curvature terms, mixed (curvature and gradient) terms and pure gradient terms. We have taken into account 
integration by parts and the Gaufi-Bonnet identity to eleminate 8 dependent structures and to arrive at the minimal 
set of 21 independent structures (for the exphcit formulae, see (|Aip - (|A8p in Appendix A). 

To collect the contributions in each coefficient ai in a systematical way, we have adopted the following sorting 
pattern: First of all, the contributions are ordered in terms of powers of the potential V and its derivatives V , V" , V" . 
Then, we have further rewritten the coefficients as a polynomial in decreasing powers of s{^p). Expressed in this form 
one can deduce direct physical information for cosmological applications as e.g. in the context of the Higgs inflation 
scenario. The tree level values of C/, G, V in this model have the concrete form of eq. ((68)) . ((69)) . (|70p . For inflationary 
energy scales, corresponding to field values ^ Mp/-y/J, the "suppression function" s scales as s = 1/6^. Since the 
non-minimal coupling constant ^ is of order 10'^— 10^ in this kind of models, it follows s ~ 0. Thus, in the inflationary 
context of a scalar multiplet non-minimally coupled to gravity most of the terms in the coefficients ai are sufficiently 
suppressed and can be neglected. 

All structures ai which contain more than two derivatives are supposed to be suppressed by the appropriate power 
of some cutoff A, which determines the validity of the model. All such structures appearing in (1451) can be denoted 
symbolically as 

RR 94^$$$ 

A^' A2 ' A2 ' ^ ' 

corresponding to pure curvature structures, mixed structures or pure scalar gradient structures. The structures 
oui = 12,..., 21 only contain four derivatives of the scalar fields and belong all to the pure gradient structures. In 
[38| it was shown that those structures are suppressed by an additional small factor, the slow roll parameter e ^ 1, 
compared to the curvature structures, i.e. 

R ^ , 9 ^/A /— 

A^"l6^ --P-^dto ^-^V2^, (47) 

with the Higgs self-coupling A ~ 10~^. Thus, the suppression mechanism for the gradient structures works even more 
efficiently. From an effective field theory point of view, these terms are less important and therefore shifted to the 
Appendix B. Below, we present only the result for the coefficients a;, i = 1, 11. The result is given in a closed 
form, beginning with the most important structures ai, a^ and a-i corresponding to Y\-\oa^i C^i-ioop and Gi_ioop- The 
factor of 1/2 in front of Gi_ioop is due to the form of the kinetic term i$"^(f>jj^ in the action ([ij. 



The one-loop correction to the potential V{}p) : 



2s^U'f 2s (£/')' 



L/4 



(73 



5 

IP 



W 



8s2 ([/') AsU' 



C/3 



8s^ [U'f 
C/2 



2s (A^-1) 
U ^GV" 



C/2 



vv 



„ 2s \U'f 

C/2 



4s2C/' 1 
2 



V'V" ^^ + ^{V"f s"" 



u 



(48) 



The one-loop correction to the non-minimal coupling U{ip) : 



a2^V 



V" 



C/2 



3C/2 



' AjU'f _ 2{U'fu" \ _ 7 s {U'f 
C/3 

u 



13 
3C7 



V 



4U'U" 8 (U'Y 



U 



8sU' (A^-l)C/' (^-1) 



C^2 



3C/ 



G2V32 



6Gip 



(49) 
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The one-loop correction to the kinetic term i G{(p) 
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{U'f 
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Uip 



{U'f 
4C/2 



(50) 



The coefficient in front of the structure $'^^71^$'' ' '^rif, 



a4 = F 
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^ 111(C/')^ 3{U') 



J 99 {U'f 45U"{U'f 9G'{U'f 9{U"f{U'f 9G'U"U' 5 {G'f 
\ 4C/4 C/3 2C/2 C/2 C/ 4 



4C/3 



(pC/2 



3G'(C/')^ 12c/" (C/')^ G'C/' {G'f 3{U"f 3G' 



45 (C/')^ C/' G' C/" 



2G^C/ 

(iV- 1)G' 
2G2(p 



C/2 



2C/ 



4G 



C/ 



4C/2 



(^C/ 2G(^ C/ 



2 

U 



V" 



( 9 {U'f (f 
y 2C/2 + T 



sC/' 
U 



(51) 
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The coefRcient in front of the structure R'^'^Rn 



'^s{U'Y 43 



The coefRcient ag in front of the structure R 



2 



2{U'fu" 2{U'f {U"f\ f U" 'i{U'f\ 1 {N-1) {N-1)U' {N - 1) {U'f 




U 2 I \ 6 3U I 40 72 6Gip 2G^tp^ 

(53) 



The coefficient a? in front of the structure R^^^'^,,^a v 



I i{U'f G' [U'f G'U' bjU'f [U'f ijU')" ] {U'f 2U' {U'f 



The coefRcient ag in front of the structure R^''^°'^na^\'ni, : 

a -s^ ( _ jU'f _ 15 {U'f U" _ 6{U'f{U"f ^ 9{U'f \ ^ / 3 {U'f G' {U'f 



U C/2 f73 U^ m I \GU^ip^ GUip 

2G'U' 5 {U'f {U'f 10 {U'f U" 8 {U'f 2{U"f \ {U'f 2U' 2U" 
^ U ^ U^ip ^ U<p^ ^ U^ ~ U^ ^ U j ^ GUifi^ Uifi^ U 

The coefRcient ag in front of the structure R ($"^$2^) : 



(55) 



3G' {U'f U" G'U" 3 {U'f 3G'{U'f 3G' {U'f G" {U'f G'U'U" {G'f U" G' {U'f 
2GUip ~ ^ 2G[7V ^ 2GU^(p 2Uip ^ U ^ 2U ^ AG IP 

{G'f {U'f G"U"^3{U'fU" 3{U'f ^ {U'f 3{U'fU" ^3{U'f\ ^ J G'U" 5 {U'f 



2GU 2 2U^ip U^Lp 2[/2(^2 4[/3 2C/4 / I 2G^ AG'^U'^ip^ 

{U'f 3G'{U'f 41 {U'f 2G'{U'f {G'fu' G'U' G'U' G' {G'f G" {U'f 



12G[/V^ 2G2[/^2 UGUif^ GUifi AG^ip 2Gip^ 2U Uip 12G 12 2U'^ip 
83 {U'f ^ {U'fU" 9{U'f\ , 5 {U'f , 47 {U'f , G'U' G , G' 2U' _^7{U'f 



36C/(^2 4^2 4[/3 / UG^Uifi^ 36GC/cp2 2G^(p^ 3U 6G(p Uip 12C/2 

(iV-l)G';7' (A^-l)G' 
GV 6G^ 

The coefRcient aio in front of the structure R{<t°- na^^'^rn,) : 



(56) 



aio = s 



J 9 {U'f 81U"{U'f 3G'{U'f 27 {U"f {U'f 15G'U" {U'f 9{U"f{U'f {G'f {U'f 
2U^ 4C/4 ^ {/3 C/3 2t/2 ^ [/2 2[/ 

3G'(f/")^C/' 1,^m2,„A 2/^ 3 ([/')' 3 ([/')' 3(;7')' 3G' {U'f 45U" {U'f {U'f 
+ — (G ) (7 I + s ' ' 



LT 4^ ' J \ '^Gip^U^ 8[/4 2Gv?C/2 4C73 2(p2jj2 

9G^(f70^ 3t/"([/0'^ {G'f {U'f 18 {U"f {U'f 3G' {U'f G" {U'f 3G'U" {U'f G'U"U' 
4[72 2^C/2 2GJ7 ^ [72 2^c7 [7 ^ 2G(p[/ ^ 2U 

3{U"f {G'f {G'f U" G'U" G"U" \ ( 5 {U'f {U'f 11 {U'f 3G' {U'f 

U ^ 24 4G ^ ifi ^ 2 ]'^y4G^ipm'^ UGip^'^ ^ 4U^ '^2G'^(p'^U 
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41 {U'f {U'f 2G'{U'f 2U"{U'f %i{U'f [G'fu' G'U' G'U' [G'f {U"f 
UGif^U ^ 2^[/2 GpU IP ^ 36ip^U iG^tp U 2G^ ^ 12G 

G' G" G'U" \ 5 {U'f AljU'f 16 {U'f G' G'U' 2U' 2U" 
12^^12 ^ 2Gip j ^ UG^ip^U " 36G(p^U 3lP 6G^ ^ 2GV ^ ^ ~ ~ 

(iV-l)G' {N-1)G'U' {N-l){G'f {N~l){G'fu' {N - 1)G" {N-1)U'G" 
12Glp ^ 2GV ^ 24G2 ^ 4G3^ 12G 2GV 



The coefRcient an in front of the structure i?($f^^nc 

'g'C/" G"(C/')^ 9{U'fu" 9 ([/')" \ /G' ?/'[/" 19(?7')M 3J7' 



an = 



"^[/" G^ (t/Q^ 9(?7')^[/" <d{u'f \ ( G' u'u" mjrf 

~2 U ^ 2[72 cT^j^'' 1^12 ~^ 4[/2 y [/ 

(7V-1)G' (A^-1)G';7' 



12G 2GV 



(58) 



In this section we have presented the "off-shell" result for the most important terms of the divergent part of the 
one-loop effective action in a closed form. The remaining structures can be found in Appendix B. 

We did not use the equations of motion yet. This will be done in an upcoming publication [s^ . There, it will be 
of interest whether the results for the effective action calculated in the Jordan and Einstein frame coincide at least 
"on-shell" . Following [HB] and also the unique effective action approach developed in [H^l , this should be the case. 

We want to emphazise that the result presented here in its full length will serve as a starting point for further 
studies. The main consequences which follow from this result will be discussed in the upcoming publications [s^ [53|. 
However, one can already get some physical information from the result presented here, since all terms are arranged 
with an eye towards cosmological applications. Therefore, the top priority was given to the most important one-loop 
structures V, U and G and, furthermore, the coefficients are ordered according to powers of the potential V and 
its derivatives and powers of the suppression function s{Lp) to faciliate the use of the result for cosmological applications. 



IV. CHECKS AND COMPARISON WITH 
KNOWN RESULTS 

Since our result is rather cumbersome it makes sense 
to apply all kinds of consistency checks and tests that 
are possible. One can distinguish between internal con- 
sistency tests such as the correct dimensionality and the 
scaling behaviour of certain quantities and cross-checks 
by comparing our general result for some limiting cases 
with results present in the literature. Fortunately, these 
checks can isolate certain features of our general model 
and thus test complementary aspects such as the conse- 
quences due to the non-minimal coupling, or the influence 
due to the presence of the 0{N) multiplet. 



A. Test of Dimensional and Scaling Behaviour 

1. Dimensional Tests 

Writing the mass dimension of some object O as [0]ji/, 
one obvious test of the 1-loop results is that for all terms 



should hold {c = h = 1). We have introduced the symbol 
Fi for the structure corresponding to the coefficient a^, 
i.e. 

For this check it is useful to take the convention that 
[(P]m = 1, [9fj^i^]M = [ff^^jM = 0. Note that we have 
chosen to shift the dimensionality in the coordinates in- 
stead of the metric. This means that each space-time 
derivative [9^] a/ = 1 increases the mass dimension by 
one. For this convention it follows that [U{(p)]m — 2, 
[G{ip)]m = and [T^((p)]m = 4. Each derivative of U,V 
and G with respect to if reduces the mass dimension by 
one and therefore [s(95)]a/ = 0. This check was done 
successfully for all structures. 

2. Scaling Behaviour 

Another test is the scaling behaviour of the a^. The co- 
efficients ai are functions of U, G, V and their derivatives 

[/("), g("\t/("). 



[cti ■ ^i]M = 4 



(59) 



a.([/("\G("\F(")), n = 0,...,k. (61) 
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The structure of the Schwinger-DeWitt algorithm forces 
them to be homogeneous functions of degree zero in their 
arguments, i.e. they should behave as 

a, ( AC/(") , AG("' , AF(") ) = a, (C/(") , G^"' (62) 

under the scaling 

jj{n) ^ Q{n) ^ y[n) ^ y^jj[n) ^ y^Q{n) ^ yy{n) (gg) 

for some constant A. We have explicitly checked that all 
ai share this property. 

3. 0{N) Symmetry and Single Field Limit 

A third test can be made due to the 0{N) symmetry. 
The space-time derivatives of the normal vector gener- 
ate powers of tp in the denominator of the a^. In addition 
we have structures which are proportional to {N — 1) due 
to the projector (6ab — naUb)- 

In the single field limit we have and 5ab ^ na = 

N —i' 1. This leads to a degeneracy of certain structures 
Fi, listed in the table below, which collapse into the same 
structures appearing in the effective action of 54 1. 



0{N) multiplet 


single field 


Fi 


Fi 


Fa 


F2 


F3,r4 


Fs 


Fs 


Fs 


Fo 


Fg 


F7,r8 


Ft 


Fg, Fio 


Fg 


Fii 


Fii 


Fl2, Fl3, ri4, Fl5, Fio 


Fl2 


Fl7, Fi8 


Fit 


Fig, F20,r21 


Fl9 



TABLE I: Degenerated structures in the single field limit 

One can now regard the single field case as an additional 
check. All terms involving if in the denominator should 
either vanish due to an accompanying factor of (A^ — 1) 
or should cancel exactly with other contributions coming 
from the degenerated structures. Indeed, in the single 
field limit there is no explicit dependence on ip at all. 
Still one may be worried about the terms with powers of 
(p in the denominator in the multiplet case, since there 
is no reason why (p ~ should be a special value and 
;7(0), V{0), G(0) should be perfectly regular at = 0. 
However, one can show that these inverse powers of (p 
are just an artefact of our notation. Instead of consid- 
ering the 0(A^)-invariant quantity p'^, we focus on the 
field p = \/W^^W^, since it corresponds to the infiaton in 
the cosmological application of the Higgs infiation and it 



faciliates the comparison with single field results. Due to 
the 0{N) symmetry all "well-behaved" potentials U, V, G 
should effectively depend on (p'^. Defining 



Z = 



dp>'^ 



(64) 



one can express the coefficients ai in terms of the "dot" 
derivatives. The expression s remains unchanged, but 
all derivatives Z', Z" , Z'" are replaced by Z, Z, Z- The 
conversion formulae between the derivatives are given by 



Z' = 2<^Z , 

Z" = 4 </j2 ^ + 2 Z 



Z"' = 8</j^Z + 12(/jZ 



(65) 
(66) 
(67) 



In that way, (p's are generated in the numerator which 
then can cancel the ip in the denominator. Moreover, the 
inverse powers of p> arising from the ria = ^ contained in 
some strutures must also at least be compensated by 
powers of ip in the numerator of a^. Ultimatively, there 
can only remain even powers of p} in the numerator. 



B. Comparsion with Known Results 

1. Single Field & Emstem Frame 

The comparison with [4^ corresponds to the Einstein 
frame result of the quantum corrections in the single field 
case. This means that in addition to the single field limit 
described above we set C/ = G = 1. Our result obtained 
in this limit coincides with that obtained in j49j up to a 
different coefficient in - a misprint in [i^ which was 
already discovered and mentioned in [26| . 
From the coincidence with this result, the coincidence 
with the well-known result of @ for the case F = fol- 
lows automatically. 

2. Multiplet in a Cosmological Setup 

In the context of the RG improved Higgs inflation sce- 
nario [s^l the beta-functions for the non-minimal cou- 
pling ^ and the Higgs self-coupling A were derived by 
explicit calculations of U i-ioop and yi_ioop ■ The tree level 
values of the couplings in this model are given by 



Gtrcc(',5) =1 , 
14ree(¥')=^A(^2_^2)2 



(68) 
(69) 
(70) 



Here Mp is the reduced Planck mass, and is a symmetry 
breaking scale. In the calculations of [s^l a multiplet 
with a constant background V^$° = (leading to van- 
ishing TZp,u) was assumed. Furthermore, the contribution 
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of graviton loops was neglected (corresponding to con- 
sidering only the scalar-scalar sector of P). Finally, an 
expansion in was made, which is justified by the as- 
sumption of a strong non-minimal coupling ^ ~ 10^—10^. 
Applying all these approximations to our general result 
reproduces exactly the result derived in the Appendix of 



3. Single Field & Jordan Frame 



Differences remain for all other coefScicnts. To trace back 
the origin of these discrepancies, we first have reduced our 
input of the MathTensor code (the second variation) to 
the single field case and compared it with the input used 
in The authors of [mI have used the convention 



h 



(83) 



Another important source for a cross-check is the result 
of Shapiro and Takata [s^l • They did similar calculations 
for a single scalar field. To confront our general result in 
the limiting case of a single field with the result of [H^l 
we have to bring our result into a form that is suitable 
for comparison. We list the following relations in order 
to convert between our formalism and the one used in 

M 



--G, B ^U, C ^ -V , 
2 

A, ^ -\g',A2 ^ -ic", etc. 



X = 2AB - 3Bf ^ -{GU + 3U'^) 



U 
s 



(71) 
(72) 

(73) 

(74) 



In addition, the authors of [5J] have chosen to express 
the and R'^^Rf^^ contributions in terms of the Weyl 
tensor. Using the definition of the Weyl tensor 

CaPjS = RaflfS — {ga[j Rs]f3 ~ 9l3[j R5]a) + 9a[j9S]f3 R 

(75) 

and the GauB-Bonnet identity in four dimensions, we ob- 
tain for a general function F{(f)) 



R 



^--FR^ 



2FR°''^RcR . 



(76) 



In the single field limit the number of different structures 
which do arise in the effective action reduces to eleven 
(see TABLE I). Comparing our one- loop result in the 
single field limit with the one calculated in IHlj, we find 
coincidence for the coefficients 



ci2 O ai , 
C7 -H> a2 , 
1 

cii O -as , 

2cto -!->■ a.s , 
2 

Clo O ai8 - 



(77) 
(78) 

(79) 

(80) 

(81) 

(82) 



with (5gp 



yf^'h^, and 



h — g^^hfii,. We did not split h^^ in the traceless part 
hf^i, and its trace h. To compare their operator Fab (3x3 
matrix) with ours (2x2 matrix) it is useful to expand 
the quadratic forms of the composing parts uj^Cab^ w^. 



^ AB^ I 



Wab and compare the resulting 



scalars. Both expressions coincide up to a factor of 



■hAi (V0)2cr 



(84) 



present in |54ll. Direct recalculations starting with the 
action of [54| confirmed our result that this factor should 
indeed be absent. The origin of this is a cancellation due 
to contributions coming from partial integration. This 
can be seen easily by calculating the mixed variations 
and concentrating on the trace part of the metric pertur- 
bations. 

Since our input and the one of [s^ coincide up to the 
term ([M)) . we can check if the differences in the final 
one-loop results all vanish when setting Ai to zero. This 
is not the case, although the differences vanish e.g. for the 
Cg <-> aj coefficient in this case. We have programmed a 
new MathTensor algorithm to calculate the single scalar 
field case directly with MathTensor. We obtained the 
same result as in the single field limit of our general 0{N) 
result. To further investigate the remaining differences 
(independent of Ai) wc considered the coefficient with 
the biggest deviation cg. To faciliate the calculations by 
hand, we limited ourselves to the special case U = B ~ 1 
and focused on the G" = —\A2 contributions in cg. In 
our calculations (also repeated with MathTensor) these 
contributions are absent, but in [s^ there remains a con- 
tribution G". 

To summarize, our results are in agreement with those 
from paper [s^ ] for the most important structures such as 
t^i-ioop, Gi_ioop- As far as concerned other struc- 
tures, we have found one source of discrepancies: it is 
connected with the presence of the factor (|84p in the in- 
put of js^ l while this term is absent in our input. There 
still remain some discrepancies, which cannot be reduced 
to this difference in the input. Here, our belief in the 
correctness of our results is based on some additional 
cross-checks, including the calculations made by hands 
for some limiting cases. 
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V. CONCLUSION AND OUTLOOK 

By appl ying the generalized Schwinger-DeWitt tech- 
nique [50, ImI and using the MathTcnsor package for 
Mathematica [s^, we have calculated the divergent part 
of the one-loop effective action for a niultiplet of scalar 
fields non-minimally coupled to gravity in a closed form. 
All the calculations were done in the Jordan frame. In 
the next paper [s^ we will compare our Jordan frame 
results with those by first performing a transformation 
to the Einstein frame at the classical level, then calcu- 
lating the effective action in the Einstein frame, and fi- 
nally performing the inverse transformation back to the 
Jordan frame. To that end wc will present the trans- 
formation rules for the transition between Jordan and 
Einstein frame for the more general case of an 0{N) 
multiplet of scalar fields. We will see that the results 
obtained by calculating quantum corrections in the two 
different frames are different. This suggests that for the 
correct calculation of the quantum corrections to physi- 
cal quantities one should always use the same frame. Of 
course, this does not yet answer the question which of 
the both frames is the physical one and should be used. 
We will investigate this problem in [s^l • The third paper 



of the scries [53| will be devoted to several cosmological 
applications of the results obtained in the present paper. 
Basically, it will concern the effect of suppression of the 
contributions of the Higgs propagators to the quantum 
corrections, which is caused by the non-minimal coupling 
between scalar fields and gravity, and the question of the 
limits of the applicability of the perturbative expansion 
in cosmology. 
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Appendix A: Transfer Equations 

Not all structures appearing in the calculations are independent. Neglecting surface terms and making use of the 
Bianchi identities, one can convert certain structures into others via integration by parts. In such a way one can 
reduce the number of different structures in (I45|) to a minimum. The "transfer equations" below describe explicitly 
how the contributions of the dependent structures are distributed among the minimal set of independent structures: 

F<PYna^-F'r^--{T3-T^) (Al) 
F -> F' - FiTj - ri7) + — Fis - ^ (— - F") Fi4 + 1-F' Fig - i— Fi2 (A2) 

^^$?,.n.<I>^-^n.^(4-^4^ + iF" 

/1F'F\ F F F 

+ U J Fi4 + 2 - F21 - FFg + - Fi9 + Fi8 + ^ Fi5 (A3) 

F$% ua ^''-^ ^^"^ -^-UL^F') Fi4 + f- - F') F16 - FF21 + i FF19 + i - F12 - - Fi5 (A4) 
■'^ Z \f / \ If / z 2 f f 

F K - ^ - F') - f rr. 4 ^ ri2 (A5) 

F na %^ n^^\h-- F') F13 - - Tig - 1 F F20 - ^ - Fu (A6) 

2 \ f / (fi 2 2 (p 







F \ 






)ri3 + 










\ (f 






fj 



13 



/F \ 1/F \ F 1 IF 

^ (__F')r8--(--F')rio--r7 + -Frn + ;.-r9 (A7) 

/ 2 \(p J <f 2 2 ip 



F R^'^P^R^.p^ ^ 4 F Ts - F Te . (A8) 
The last equation is a topological invariant, the Gaufi -Bonnet identity. In the sin gle field limit (see TABLE I) 



the other seven transfer equations reduce to the three reduction formulae given in j54| . In principle, even more 
scalar invariants composed of different scalar contractions between derivatives and field variables (5^1/, 'I'") 
(containing up to four derivatives) can appear at the one-loop level, but they do not occur in our calculations using 
the Schwinger-DeWitt algorithm. 



Appendix B: Gradient Structures 

As already explained in the main text, the coefficients ai, i = 12, ...,21, all corresponding to the symbolical 
structure d*^^^^, are additionally suppressed compared to (P5)) - (|58p and thus less important. However, for the 
sake of completeness we also want to list the remaining coefficients in a closed form. 

The coefficient ai2 in front of the structure ($°^$a^)^ : 

^ 25{U'f 3{U'f {U'f 3{U'y 5G'iU'f UiU'f 9{U'f 13G' (U'f G' {U'f 



ai2 = 



I 48GV^C/* 16C/^ ^Gip^U^ 8ipU^ AG'^ip^U^ 12Glp^U^ %Lp^U^ UGip^U^ 2U^ 

W" {U'f 35 (U'f ISjG'fjU'f G'jU'f 15G' (U'f 3G" [U'f 695 {U'f {G'f {U'f 
AGf^U^ ~^ 12(^3[/3 + 24G^ip^U^ G<p^U^ 8^C/3 8C/3 A32ip^U^ SGipU^ 

47G'{U'f 3G"{U'f 3G'U"{U'f U" {U'f {G'f {U'f 139 {G'f {U'f {G'f {U'f 19G' {U'f 



ISip^U^ AipU^ AGip^U^ Aip^U^ AG^(pU 72Glp^U 8U^ 36lp^U 



3G'G"{U'f {G'fu' {G'fu' G'G"U' G'U"U' {G'f 7 {G'f n{G'f {G"f {G'fG" 



AGipU 6GU 12ipU AU Aip^U 48G2 24G(^ 24</j2 g 

^ G'G" \ ^ J 25 {U'f {U'f , {U'f 37 {U'f , 5G' {U'f A3 {U'f ^ 21 {U'f , 13G' {U'f 



2lp \ 72G2^4{73 gf/5 6G(p3C/3 ^LpU^ UG^ip^^ 21QGlp'^U^ Aip'^U^ 3QGipW^ 

llG'{U'f U" {U'f 3U"{U'f 107 {U'f 77 {G'f {U'f 15G' {U'f 15G' {U'f G" {U'f 
12U^ ^ 2G(y53[/2 + 2^[/3 36(/33C/2 72G^ip^U AGip^U 8ipU^ 8U^ 

3U"{U'f {U'f 5 {G'fu' 13G'U' G'U"U' U"U' {G'f 13 {G'f G'G" G'U"\ 
12(^4^ QGipU ^ 6ip^U ^ AGip^U ^ 12ip^U ^ 6GV ~ 12G<^2 " + 2^3 [/ j 

25 {U'f {U'f 59 {U'f 19 {U'f G' {U'f 5 {U'f 17 {U'f AG'U' G'U' 5U"U' 



A32G^ip^U^ 48C/4 ^^QG^p^U"^ 12ipU^ 9G^Lp^U 12G^^U 3ip^U^ 3G^^U AU^ UG^^U 
U"U' 5U' 13GU' {N^l){G'f 5 {G'f 7G' 5U" G^ 



2(^f/2 3ip^U 6ipU^ 2GV^ 12G2v32 q^jj 3^2^ 4^/2 



(Bl) 



2 . 



The coefficient aia in front of the structure ($°^na$^ ^ ^rib 

^( 81 {U'f^ 81U"{U'f° 27G'{U'f 2A3{U"f{U'f 81G'U" {U'f 81 {U"f {U'f 27 {G'f {U'f 
~ * 32i78 " 4C77 " 8f76 ^ 4C/6 + 4[/5 " U^ ^ 16U^ 

81G'{U"f{U'f 81 {U"f {U'f 27 {G'fu" {U'f 3 {G'f {U'f 27G' {U"f {U'f 
2C/4 ^ 2[/4 4C/3 8[/2 + ^3 

27 {G'f {U"f {U'f 3 {G'f U"U' {G'f \ J 3 {U'f" A5 {U'f" 81 {U'f 9G' {U'f 
^ 4C/2 AU ^ 32 j ^ ^ I 2G^2^6 + gjji g^jje AG<fU^ 
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IW" {U'f 27U" {U'f 25 {U'f G' {U'f IbG' [U'f 81U" {U'f ^{G'f {U'f 155 {U"f{U'f 
AGifi^U^ ^ 8C/6 4(p2f/5 + Gip^u^ AU^ 2ipU^ 8GU^ 8G(p^m 

351 (U"f {U'f 39G'{U'f 9G" {U'f iG'U" {U'f 305[/" {U'f 3{G'f{U'f 81 {U"f {U'f 

25G^([/0^ 15G'£/" (t/Q'^ mG'U" {U'f 261 ([/")^ (t/Q^ 29 {G'f {U'f 93G^ {U'f 
Gifi^U^ ^ 4Gv?2fj3 4[/4 + 2C/4 ^ 24C/3 AGipU^ 

803 {U"f {U'f {G'f U" {U'f 8G'U" {U'f 9G"U" {U'f {G'f {U'f 39G' {U"f {U'f 
24v32[/3 + Gt/a ^1/3 2C73 ^ 8v?C/2 ^ C/3 

3G^G" ([/Q^ 9 {G'f U" {U'f AIG'U" {U'f 27 {U"f {U'f 3 {G'f {U'f 3 {G'f {U'f 
Am ^ GipU^ ^ Aip'^m C/3 ^ 4G^[/ ^ 4(^2 fj 

31 {G'f {U"f {U'f 13G' {U"f {U'f 9G" {U"f {U'f 41 {G'f U" {U'f {G'fu' 9G' {U"f U' 
8GJ72 ^ 4^[/2 2XP ^ 24C72 W IP 

3 {G'f U"U' 3 {G'f U"U' 3G'G"U"U' {G'f {G'f 13 {G'f {U"f }_ ,^,.2 ,\ 
2GU ^ 2lpU ^ 2U 8G ^ 8ip 2AU 8^ ' j 

2 / 2b {U'f _ 19 {U'f _ 189 {U'f _ 5 {U'f _ 123 {U'f 15G' {U'f G' {U'f _ U" {U'f 
' 1^16G2(^4[/4 QG(p^U^ 16U^ 4G(^3[/4 8^[/5 + 4G2^3[/3 + 4Gipm GGip'^m 

273U" {U'f 133 {U'f 223 {U'f 25G' {U'f 85G' {U'f bG" {U'f 15G'U" {U'f 33U" {U'f 
8J75 ^ 24G(^4^3 72(^2fj4 24G(^2^3 + 8[/4 4Gv3[/3 4G2(p2jj3 AGip^U^ 

87U" {U'f 3U"' {U'f 3U"' {U'f 113 {U'f {G'f {U'f A {G'f {U'f 55{U"f{U'f 
AifU^ ^ AGif^U^ 2[/4 12(^3{73 + g'2^2[/2 3g[/3 QGip^U^ 

81 {U"f {U'f 5G' {U'f 167G' {U'f 7G" {U'f AbG'U" {U'f 881U" {U'f 889 {U'f 
8[/4 ^ 2G(/j3[/2 + 24v9f73 8C/3 ^ 4G(^t/3 ^ 36v32f73 + lUip^m 

7 {G'f {U'f 9 {U"f {U'f 325G'{U'f 8G" {U'f 9 {G'f U" {U'f 31G'U" {U'f 25G'U" {U'f 

SGifiU^ ~^ 2(pC/3 ^ 72v32f72 3(^j/2 2G2v3f72 2G(^2[/2 [/3 

13G"U"{U'f llU"{U'f 3G'U"'{U'f W"U"' {U'f U'" {U'f 3 {G'f {U'f 39 {U"f {U'f 
AGifiU^ 4(^3^72 AGifiU^ C/3 ^ 4(^2^/2 2G2(/9C/ 2C/3 

8 {G'f {U'f 19 {G'f {U'f A3G'{U"f{U'f 713 {U"f {U'f 31G' {U'f 125 {G'f U" {U'f 

3Gip^U 8[/2 4Gv3f72 72ip^U^ Uip^U 24GC/2 

2G'U" {U'f 7G"U"{U'f G'U"'{U'f {G'fu' 23 {G'f U' 17G' {U"f U' G'G"U' 
3<^f/2 ^ UP 2C72 8GC7 12ipU ^ 2J72 AU 

3 {G'f U"U' AG'U"U' 3G'G"U"U' 23G"U"U' G'U"'U' 3 {G'f 9{U"f {G'f 5 {G'f 

4G2f7 3ip^U ^ 2GC7 ^ 12ipU AipU ^ 16G2 ^ 2U^ ~^ SGip 8v?2 

{G"f 13 {G'f {U"f 5G'{U"f 3G"{U"f {G'f G" 3G'G" {G'fu" \ 
8 ^ 2AGU V7 2U 8G ^ Aip ^ 2U j 




25 {U'f 35 {U'f 61 {U'f 7G'{U'f 37 {U'f 189 (t/Q'^ 5 {G'f {U'f 3G' {U'f 

24G2(^4[/3 9G^2[/4 + gjj5 + 8G2(^2[/3 eGy^SjyS + 8<^f/4 + 8G3v32[/2 8G2v33f/2 



llG^([/0^ 5G"{U'f 16U"{U'f 227U"{U'f 79 {U'f 521 {U'f 5 {G'f {U'f 56G' {U'f 
UGifiU^ ^ SG^ip^U^ 9G(p^U3 ^ 8L/4 " 72G(p^U^ 27ip^U^ ^ 2G^ipU^ ~ 9Gip^U^ 
13G' {U'f 19G" {U'f G'U" {U'f 3U" {U'f 95U" {U'f U'" {U'f 3U"' {U'f 101 {U'f 
2C73 12GipU'^ ^ ~G\pHP~ ^ ~2G^TP 2ipU^ 2Gip^U^ ^ IP 36ipm^ 

3 {G'f {U'f 17 {G'f {U'f {G'f {U'f 101 {U"f {U'f 53 {U"f {U'f IIG' {U'f A33G' {U'f 
AG^ipU ^ 8G2^2jj + 4^Qu2 + 72G(^2^2 + 2C/3 ^ SGip^U 36(^C/2 

41G"(?70^ G"{U'f 17G'U"{U'f 21U" {U'f 3U"' {U'f {U'f 3{G'fu' 17 {G'f U' 
2AGip^U ^ IP 6G^[/2 4(p2[/2 + ^[72 + 4(^4[/ + 8G2;7 ^ 12G(/3C/ 
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3{U"fU' nC'U' G'G"U' G"U' 3{G'fU"U' 17G'U"U' 27G'U"U' 13G"U"U' 5U"U' 



G'U"'U' 
AGipU 

{G'f G" 
8G2 



U"U"'U' 
IP 

G'G" 
2Gip 



AGU 
U"'U' 



2G^ipU 



2ipU 



{G'f {G'f ([/") 



23{G'f 



2C/2 



12GlpU 



[G'f {G"f a {u"y 



12(pm 
{U"f 



12ip^U 8G3 SG^ip 2[/2 24C/ AGip^ 
{G'fu" 2bG'U" G'U"'\ 



4G 



GifU 6ip^U 



2GU 



\2LpU 



U 



25{U'f 46{U'f 85{U'f {G'f 7G' [U'f m{U'f ?,{U'f 23 (G')^ (G') 



144G2(p4^2 



7\2 



5 {G'Y (£/') 



27Gv32[/3 
7G'{U'f 



8U* iG^ip 24G2(^2{72 
89G' ([/')' (U'f 3{U'y 



24GV^t/ 24G2v33C/ 36G(^C/2 AGip^U 2ip^U'^ 
5 (t/')'^ G" U'G" 9 (t/Q^ t/" 3 jU'f U " , IIG'C/" 
24G2v72[/ + 2GpU ^ AGip^U^ 4[/3 



36G(^3C/2 

6G^2[/ 

G' [/'[/" 
l2GpU ^ 12G2^2jj 



4(^t/3 

9 (£/")' 
2[/2 

5C/'t/" 



24GC/ 

(GO^ 
2G2v:)C/ 

WU" 



U'U" 



(N-l){G'f {N-l){G'f {N-l)(G'f {N-\)G'G'' 



8G2(^2 



8GV 



32G4 



4G2(/3 



l2Gp^U v9[/2 
_ (A^- 1)(G0'G" 
8G3 



2G2(^2 

19G^£/^ 
" 12G<^2[/ 

U'U'" 
' UGpHl 

, (iV-l)(G"f 
8G2 
(B2) 



The coefficient in front of the structure (<i>^^ric$'^ ' "^rid) : 



ai4 = s 



{U'f 



9 ([/')'" 9(C/')^ 3G' iW'iU'f W'iU'f 29{U'f G' {U'f 9G' {U'f 



\2Gip^U^ 8(pU^ 4G(pU^ 12G(^2^.5 

9U"{U'Y 5 {G'f {U'f 155{U"f{U'f 9{U"f{U'f 



2[/6 



12(/32[/5 3Gv32[/4 



19G' (C/') 9G" {U'f G'U" {U') 



4[/5 

6 



2^[/5 

343L/'^ (L/Q^ 
36(y92;74 



24GC/4 24G(^2[/4 
(G')' (t/')'"^ 9 ([/")' (C/')^ 



2G^C/3 



2(^t/4 



2[/5 

29G^ ([/Q^ 
18932^3 



8v3f74 
bG'U" {U'f 

4G(p2[/3 



8C/4 
15G'C/" ([/') 



G(pf74 
^ 95 (G')' {U'f 



2[/4 



72C/3 



31G' ([/") ([/') 493 ([/") ([/') {G'Y U" {U'f 26G'U" {U'f 9G"U" {U'f 29 {G'f {U') 



/\3 



4G^[/3 



72(/92[/3 



+ 



6G^ ([/^O" {U'f 3G'G" ([/') 
C73 ^ ~ 

31 {G'f {U"f {U'f 



/\3 



3GJ73 
3{G'fU"{U'f 



4[/2 



G^[/2 



3^[/3 

31G'[/" (C/Q^ 

12v32f72 



2[/3 
{G'f {U'f 
AGipU 



2Ap?U^ 



{G'f{U'Y 

4(^2 [/ 
/\3 



121G' {U"f {U'f 



9G"{U"Y{U'Y 43 (G') [/"([/') {G'fU' {G'fU"U' 



24GJ72 

7 (GQ' [/"[/^ 
2ipU 

J 25 {U'f 



12ipU^ 

3G'G"U"U' ^ {G'Y 



7 {G'f 



2C72 

5 {G'f {U"f 



2U 
13 {U'f 



24G 24(^ 
15 (iJ')^ {U'f 



72U 



39 {U'f 5G'{U'f 7G'{U'f 7U" {U') 



18J72 
- {G'f G" 



r/\6 



+ 



/^6 



2GU 



r/\6 



36G(^4;y3 
3J7'" {U'f 



BAip'^m 72Gp^U^ 
35 {U'f 7 {G'f {U'f 



AGp^U^ 6p^U^ SG^p^U^ 
47G' {U'f G" {U'f 131G'U" {U'f 



\ 24G2v54f/4 9G'(^2[/5 2t/6 2G(^3[/4 

141[/''([/0^ ^ ll(t/0^ 185 (t/Q^ , 127G'(?7')^ 

iii[/'^(L/o^ 

4<pC/4 

2G'{U'f 
GipW^ 

39 {U"f{U'f 
2ipU^ 

13G"U" {U'f 
12G(^C/2 ^ 

25G^(C/")^([/0^ 
4G^C/2 



4(p[/5 2G2v33[/3 i2Gv9;74 9Gy32;74 



IIG' ([/')' 5G"(C/')''^ 5G'C/" ([/')' 3?7"(C/') 



/\5 



T/\5 



8t/4 



12G(y9C/3 4G2v72[/3 



2Gy33f73 



17 {G'f {U'f 55 {U"f {U'f 



27 {U"f {U'f 



18GC/3 
1249i7" {U'f 



ISGpm^ 



AU^ 



695 {U'f {G'Y{U') 



/\2 



9ipU^ 

1307G' ([/') 



C/3 

3 



12GpU^ 



108(^2[/3 216(p4[/2 4G(^;72 



31G"{U'f 3 {G'f U" {U'f 



llG'U"{U'f 29G'U"{U'f 



216p^U^ 36ipU^ 
U" {U'f 3G'U"' {U'f 



2G2<^C/2 12G(y92C/2 4[/3 

C/"'(C/')'^ 3 (G')^ ([/')' 97 {G'f {U'f 2 {G'f {U'f 



2<p3[/2 



4G<p[/2 



4v32f72 



4G2(^f7 



24G<^2[/ 



3J72 



583 ([/")' ([/')' 19G' ([/')' 7G'G"{U'f 1A3 {G'f U" {U'f 6G'U" {U'f 



216V32JJ2 



18(^3 [/ 



AGpU 



72GC/2 
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nG"U"{U'f lljG'fU' 2{G'fu' 13G'{U"fU' G'G"U' {G'fW'U' 2 {G'f U"U' 

UP 24GU 9^ 2LP ^ 2U ICPU ^ G(pU 

5G'U"U' G'G"U"U' 2iG"U"U' G'U"'U' (G'f h{G'f ?>{G'f {G"f A<d{G'f{U"f 

12(^2 [/ + + 36(^[/ ^ AipU 12G2 ^ QGlp 4 72GU 

A<dG'{U"f 3G" {U"f {G'fG" UG'G" 2{G'fu" \ 
18(pU ^ 2U ^ 3G 12^ 3[7 j 




25{U'f iSjU'f 12{U'f 5G'{U'f [U'f 7 jU'f b{G'f [U'f 5G' jU'f 

36G2(/94[/3 + 54G'(^2[/4 + IJ5 + 24G2(^2[/3 3G(^3f/3 (^[/4 24G3(^2f/2 24G2v33[/2 



47G^ (C/Q^ 5G'^ {U'f 79U" {U'f 157U" {U'f A3 {U'f 3281 {U'f {G'f {U'f 137 G' {U'f 
36GipU^ ^ SG^^^U^ ^ 54G(^2[/3 " + losGip^u^ ^ 32Aip^U^ ^ G'^^U^ ^ lOSGip^U^ 

AG' {U'f AlG"{U'f bG'U"{U'f U"{U'f 23U" {U'f U'" {U'f 3U"' {U'f 107 {U'f 
^ 36G<^C/2 6GV[72 G(y33[/2 + ^^f3 + 2G^2^2 + 2J73 + 18(/?3C/2 

(G0^(?70' 25(G0'(t/0' ll(GO'(£/0' 65 ([/")' ([/Q' 15 (t/Q' 139G' ([/Q' 1231G^ ([/Q' 
4G3<^{7 9G2(/;2[/ 12GC/2 216G(p2[/2 + 4C/3 24G<y93C/ 216v3f/2 

G'G" ([/Q^ 41G" (t/Q^ G" {U'f 35G'U" {U'f U5U" {U'f 3U"' {U'f {U'f {G'f U' 

2G'^ipU ^ 24Gip^U 24^72 + 6G^ ~lm^lP ^ Gip^U ' 8G^U 

79 {G'f U' 11 {U"fu' AIG'U' G'G"U' 7G"U' {G'fu"U' AG'U"U' 2G'U"U' 
3QGipU 2(p[/2 'VhpHJ ^ AGU ^ 6ipU 2G^ipU 9Gip^U IP 

13G"U"U' U"U' G'U"'U' U"'U' {G'f 11 {G'f 19 {G'f 3 {G'f {G"f IIG' {U"f 
36GipU 6^3 [/ " 4G^[/ ^ 12ip^U ^ 24G3 ^ "24GV 72?/ ^ 2G^2 9G(^t/ 

(GQ^G'^ G^G" {G'fU" 7G'U" 2G"U" G'U"' \ 

24G2 12G^ 2Gf7 36(pC/ 3U 2U j 

25 {U'f 10 {U'f 25 {U'f 5G'{U'f 53 {U'f 6 {U'f 5 {G'f {U'f 25G' {U'f 

216G2(/34[/2 81Gv32[/3 8[/4 72G^(p^U^ ISGip^U^ ipU^ ^ 72G^ip'^U ^ 72G^ifi^U 

55G' {U'f 5G" {U'f 125U" {U'f 53U" {U'f {U'f 27 {U'f 3G {U'f {G'f U' 35G'U' 
108G(pU^ ^ 2AG^ip^U ^ 108Gip^U^ 12C/3 ~ GGip^U ~ 2(^2[/2 ^ {73 + 2G2(^C/ ^ UGip^U 

15G'U' G"U' 5G'U"U' U"U' 83U"U' U"'U' U"'U' 2GU' {G'f 55 {G'f 
4f72 2GipU 36GVC^ ^ 6G^ 6v3f72 ~ 12G^ ^ 2[/2 ^ (^[/2 + T2GV ^ 72GU 
3 {G'f {U"f G' G'G" G" 37G'U" 2GU" {N ~ 1) {G'f {N-l){G'f {N - 1)G'G" 

4GV " 3[/2 ^ ^ " 6G2^ " 17 ~ 36G(/5J7 ~1P 2GV 4GV ^ 2G2^ 

(B3) 



The coefRcient ais in front of the structure ^""^^^a .i^^^'^^l' 




25 {U'f 3 {U'f 3 {U'f 5G' {U'f 205 {U'f 9 {U'f 5G' {U'f G' {U'f 12 (U'f 

24G2(^4[/4 + 8[/6 ~ ^(75 + 2G2^3(73 + 36G</J4(73 + ^2JJ4 + QGip'^U^ ^ 2C/4 " (^3c/3 



13(G0'([/0^ 6G' (t/Q^ 3G' {U'f 1681 (C/Q^ (GQ' {U'f 113G' {U'f {G'f {U'f 

UG^ip^U^ ^ Gip^U^ ifU^ ^ 216(p4f72 + c.^[/2 + 18(^2^72 2G2(^[/ 

77 {G'f {U'f {G'f {U'f AlG'{U'f {G'fU' 2{G'fU' {G'f {G'f {G'f \ 

36G<^2f7 + 4f/2 18lp^U 6GU 3(pU 2AG^ ^ 6Gip ^ 6(^2 j 




25 {U'f 2 {U'f 5 {U'f {U'f 5G' {U'f 205 {U'f 7 {U'f 16G' {U'f 

36G2(^4[/3 + 1/5 2G^3^3 + 2ipU^ 3G2(/93^2 108G(p4[/2 + ^2^73 9G(^2[/2 



G^ (g/Q'^ 19 {U'f 31 {G'f {U'f 2G'{U'f 5G' {U'f {G'fU' IIG'U' {G'f {G'f {G'f \ 
6U^ 6(^3 {72 36GVt^ Gip^U 2(fm 3G<fU 6^2^ ^ 6GV ^ AU 3G^ j 
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25 jU')^ ITjU't 2{U'f {U'f G'jU'f {U'f 5{U'f G {U'f G'U' U"U' 

216GV*C^^ 24^74 + 3G(^3f72 + + QG'^tp^u iGip^U 3ip^U^ 4[/3 + 2Gip^U 3G^3C/ 

5U' GU' {G'f 7G' W" 3G^ 

VC/ ~ 6^ 6GV 6^ ~ VC/ 2C72 ^ > 



The coefficient aig in front of tlie structure ^"■^na^^^rn,^'^ 'A'c[)^f i 

3/ 9([/0'° 9([/0'^ 3G'(£/0^ 19^"(C/0^ 9[/"(£/0^ 26 (t/Q^ 2G' {U'f mU" [U'f 

5(G0'([/0^ 155 (L/'O' (L/Q^ 9 (C/Q^ 5G' [U'f 2G'U" {U'f mm" {U'f (G'f {U'f 
12GC/4 12GV32C/4 [/5 2^[/4 G^C/4 ^ ISip^U^ GipU^ 

m{U"f{U'f 52G'{U'f 5G'U"{U'f iG'U" {U'f li {G'f {U'f HG' {U"f {U'f 
^ LpU"^ 9(p'^U^ 2Gip^U^ ^ C/4 36C/3 2GipU^ 

1451 {U"f {U'f 2 {G'f U" {U'f 2G'U" {U'f A {G'f {U'f QG' {U"f {U'f 6{G'fu" {U'f 
36(/72[/3 3Gf/3 3^C/3 3^[72 C73 Gv9[/2 

77G^C/" ([/Q^ (GQ^ {G'f {U'f 31 {G'f {U"f {U'f AIG' {U"f {U'f 11 {G'f U" {U'f 

Gip^U'^ 2GfU ip^U ^ 12GC/2 + Q^^u2 9^2 

(GQ^ ?7"?7' 2 (GQ' (GQ^ (GQ^ b{G'f{U"f \ 

^ GU ^ LpU 12G 6ip 36U j 

J 25 {U'f 83 {U'f 15 {U'f {U'f 9 {U'f 5G' {U'f 5G' {U'f 17U" {U'f 
^ y UG^ip^U^ 18Gv72f/5 + 2[/6 G(^3[/4 + ^ij5 G^cpm^ 6G(p[/4 ^ 18G(/92[/4 

33t/"(t/0^ 205 {U'f 73 {U'f 17G' {U'f 19G' {U'f 5G" {U'f 5G'U" {U'f 
2/75 ISGip^U^ 54(/72[/4 36G(^2f73 4(74 + 3G^[/3 + 2G^ip^U^ 

15U"{U'f 6U" {U'f 73 {U'f 7 {G'f {U'f 7 {G'f {U'f 55 {U"f {U'f 19G' {U'f 

^ 2GV33C/3 ^ LpU^ ^ 3v33[/3 4G2(^2[/2 + 18G^3 + 9G^2[/3 2G^3;72 

llG^([/0^ G'^(C/0^ G^^"([/0'^ 973U"{U'f 1681 (t/Q^ 24 (^Q^ 1537G' (t/Q^ 

18V3;73 [/3 3G^[/3 27</72[/3 108(^4[/2 ^[/3 108(p2[/2 

23G" (L/Q'^ 3 (GQ'^ t/^^ (L/Q^ 47G^^'^ {U'f G'U" {U'f 13G"U" {U'f 5U" {U'f 3 {G'f {U'f 
^ 9V3L/2 ^ GV72 ^ 3G^2j72 + + zOplP ^ ^^3^ + 2G'^ipU 

83 (GO'(t/0' (GQ' {U'f 9G' {U"f {U'f 1361 {U"f {U'f 97G' {U'f G'G" {U'f 
^ UGip^U 3[/2 + 2G(^t/2 ^ 108<p2[/2 ISip^ G(/3J7 

29 (GQ^ U" {U'f 2QG'U" {U'f 2G"U" {U'f 7 {G'f U' 26 {G'f U' 2G' {U"f U' {G'fu"U' 

9Gf72 ^ 3(^[/2 ^ [72 ^ 12GC/ ^ g^^cT IP 2G'^U 

2 {G'f U"U' 2G'U"U' 2G'G"U"U' 23G"U"U' {G'f 5 {G'f {G'f 5 {G'f {U"f 
GlpU ^ 3(^2[/ ^ + 36GC/ 

2G' {U"f {G'f G" G'G" 2{G'fu" \ 
9^[7 3G 3^ ^ W j 




25 {U'f m{U'f 9 {U'f 13G'{U'f 53 {U'f 25 {U'f 5 {G'f {U'f IIG' {U'f 

18G2(^4^3 + 54G<^2^4 ^5 12G2(^2[;3 + 6G(p3[/3 2¥.[/4 12G3(^2^2 + 6G2<^3f/2 



20G^([/0^ 175£/"([/0^ 13[/^^ (C/Q^ 151 {U'f 1735 {U'f 7 {G'f {U'f n2G' {U'f nG' {U'f 
9G^[/3 ^ 54G<^2[/3 + 2J74 + 54G</j4f/2 ~ 81(^2^/3 + 2G'^ipU^ ^ 27Gip^U^ ^ 6[/3 

4G" (C/Q'^ G^£/" {U'f 23U"{U'f l&l {U'f {G'f {U'f A {G'f {U'f 2 {G'f {U'f 

9G^C/2 6G2<^2[/2 0(^3 [/2 + ^[73 18(/93[/2 2G^ipU ^ 9G2(^2f/ + 3G[/2 

119(?7")^(L/0^ 3(L/'0^(t/0^ 8G'(^')^ 289G' {U'f G'G" {U'f G" {U'f 3G'U" {U'f 
108G^2[/2 + f73 ^ 3Gv?3[/ + 27<y9C/2 2GV^ 3[72 G(pC/2 
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^nU"{U'f {U'f {G'fU' 5 [G'f U' 4 {U"f U' 9G'U' G'G"U' 2G"U' {G'fu"U' 
~~bA^pHP 3(^4[/ ~ 4G2C/ ^ 18Gv?C/ ^CT^ ^ "V^J 2GC7 G^tpU 

AOG'U'V 9G'U"U' UG'V'V U"U' {G'f {G'f 25 {G'f {G'f {G"f 2G' {U"f 
9G(p'^U 2LP 9GipU ~^ 2ip^U ^ 12G^ ^ 3G^(p 36C7 2G(p^ ^ 3G ^ 9GipU 

{U"f {G'f G" 5G'G" _ 25G'U" _ 2G"U" \ 
6ip^U ~^ 6G2 ^ 6Gip 9^[7 3U j 

25 {U'f 128 {U'f 9 {U'f UG'{U'f 55 {U'f 7 {U'f 5 {G'f {U'f G' {U'f 53G' {U'f 
108GV^t/^ SlGip^U^ ^ 4[/4 ^ 36G2v52^2 isGip^U^ ^ 2(pU^ ^ SGG^ip^U ISG^ip^ ^ 27GipU^ 
59U"{U'f 2U"{U'f {U'f 8 {U'f 19G{U'f G'U' ISG'U' 2G'U"U' U"U' 

54G(p2[/2 SLP iGif^U IpHP ^ 2XP 2G^ 2XP '9G\pHJ ~ 2Gip^U 

22U"U' {G'f 7 {G'f {U"f 2 {U"f G' G'G" Gf_ G'U" 

3ipU^ ^ 6GV ^ 36G;7 ^ 6G^2jj ^ 1^ ^ 6G^ ^ IT ^ 9G^ ^ ' 



The coefHcient an in front of the structure ^'^^'^'^^. J^: 

( {U'f G'U' {G'f {U'f i{U'f \ {U'f U' {U'f 

I 4G[/2(^2 2U AG 12C/(^2 4^73 I + uGU^p"^ Uip AU^ ^ ' 



The coefficient ais in front of the structure {^'rj^ricf 



' 9G'{U'f {G'f 81 {U'f \ ( {U'f {G'f {U'f 27 {U'f \ {U'f ir_ U{U'f 

\^ 4[/2 8 ^ 8C/4 j 1^4Gt/2^2 + l2C/(^2 4^/3 j UGUip^ ^ Ucp 2U^ 

U" I {N-l){G'f 

ir + — 8g5 — (^^^ 



ai9 = 



The coefficient aig in front of the structure (<i'°^<i'a^)($ft,''"-b) : 

/ {U'f 27 {U'f 27 {U'f 3G'{U'f W" {U'f {U'f 15G' {U'f i{G'f {U'f 

y 4G(^2[/4 + 4(^(74 4G^[/3 4G(^2f73 12(^2[/3 + 8^/3 + ^QU2 

7G' {U'f 9G" {U'f 3G'U"{U'f U" {U'f 3 {G'f {U'f G'U"U' {G'f {G'f G'G" \ 
AipU"^ 4[/2 ^ 4G^[/2 4(^2[/2 4c.(^f/ + 4^(7 ^ 8G 2(^5 4 y 

/ {U'f 15 {U'f 5G'{U'f 2 {U'f 3G'{U'f U" {U'f W" {U'f 37 {U'f 3 {G'f {U'f 



\6Gip^U^ 8[/4 SG^ip'^U'^ LpU^ AGipU^ 2Gip^U^ 2U^ 36ip^U^ 

AIG' {U'f 3G'{U'f 3U"{U'f {G'f U' G'U' G"U' G'U"U' U"U' {G'f 

~2AGpHJ 2t72 IplP ^ AGU ^ LpU ^ ~2U AGipU ^ 12ip^U ^ 8G^ 

53 {U'f {U'f 5G'{U'f lA{U'f G'U' U"U' U"U' U' 2GU' (G') 




36G(p^U^ 4L/3 24G2^2jj ^jj2 2G(pU 12G(p^U 2U^ (p^U C/2 AG^(p 



iN-l){G'f 

2G\ (^^^ 
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The coefRcient a2o in front of the structure ($°^nQ$^'''nb)($!^^'^ ric) : 

^ 81 {U'f 81U"iU'Y 45G'{U'f 81 iU"fiU'f 9G'U" {U'f SiG'fiU'f QG' {U"f {U'f 



a20 = 



\ 8U^ 2[/5 8U^ 2U^ 8U^ 2U^ 

i{G'fu"U' , {G'f\ , ^2/^ 3(C/')^ 45 (C/')' 45 (C/')^ G' {U'f , 9/7" ((7')^ , UW" {U'f 



(i7')^ 5G'(C/')^ 21G' ([/')'' 9C/"(C/')^ 3 (G')' (?7')^ 63iU"fiU'f AG' [U'f 9G" {U'f 



4(^2{73 4G<p2f/2 8C/3 V7[/3 8(7(72 2[/3 3(^[/2 4J72 

13G'U"{U'f W'iU'f 5G'{U'f lhG'U"(U'f {G'fU' 3{G'fU"U' 23G'U"U' (G'f 



4G(pU^ 2(p2[/2 12^-2U 4C72 2U 2GU UipU 8G 

3{G'f 3G'{U"f G'G" \ ( 7 {U'f l^{U'f IIG' {U'f {U'f 3 {U'f 25G' {U'f 
^ 4(p ^ 2U ^4 J ^'""yAGifi^U^^ 8C/4 ~ 8G2V92J72 ~ G^3if2 + ^jji ~ UGipU^ 

U"{U'f 12U"{U'f 7 {U'f 19G'{U'f 3G' {U'f W" {U'f {U'f {G'f U' 15 {U"f U' 
~ G(^2[/2 Jp 3^2 [/2 SG(p^U ^ IP ^ 3^3 [/ ^ 2GU ~^ 2C72 

G'U' 13G'U"U' U"U' {G'f {G'f G'G"\ 13{U'f 29{U'f IIG' {U'f {U'f 



AifU 12GipU Gifi^U 8G2 2Gip 2G / 6G(p2[/2 4(73 2AG^ip^U 3G(p^U 
33 {U'f G'U' 3U' U'U" 33U'U" 3U" U'" {N - 1) {G'f {N - 1) {G'f 



2ipU^ AGifU ip^U 6G(p^U 2C/2 (pU U AG^Lp 8G^ 



0-21 = 



The coefiieient a2i in front of the structure ^''^j^^^'^^^^.n;, : 

{U'f 9 {U'f 9 {U'f 5G'{U'f 15U"{U'f 9U" {U'f {U'f dG' {U'f 3G' {U'f 
2Gv32[/4 4[/5 + 2(pU^ AGifiU^ AGip^U^ 2U^ Gip^U^ AGtp^U'^ AU^ 

9U" {U'f 5G'{U'f 5G'U" {U'f bU" {U'f 3 {G'f {U'f 5G' {U'f 3G'U" {U'f {G'f U' 
12(/5C/2 2Gv?[/2 4^2[/2 + ^Q^ij Uip^U C/2 ^ 4[/ 

_ 3 (GQ' U"U' _ 13G'[/"L/' _ {G'f _ {G'f \ 
2GU 6(pU AG Alp j 

( 23 {U'f 3 {U'f 3G' {U'f {U'f {U'f AG' {U'f U" {U'f 3U" {U'f A7 {U'f 

12G(/j2^3 + 4^4 + 4^2,^2 JJ2 + C<<^3[/2 ^^3+ 3GipU^ ^2G^2^2+ 2U^ 36(^2 [/2 

3 {G'f {U'f 2G'{U'f G'{U'f 6U" {U'f {U'f 3{G'fU' 3G'U' G"U' 5G'U"U' 
AG^ipU ^ SGip^U 2[/2 ^ ^ ^ 3(p^U 4GC7 i^cT 2U 6GpU 

U"U' {G'f {G'f G'G" \ 25 {U'f G' {U'f {U'f 5 {U'f G'U' U"U' U"U' 
~ AipHJ ^ ~AG^ ^ 2Gip ^ 2G j ^ 3&G^pHP ~ 4GVC^ ~ 3G^ ^ 2^{/2 ^ 4G^ ^ AGip'^U ^ C/2 

2Cr_13GCr (GQ^ G^_2Cr 
^ ip^U ~ 2f/2 ^ AG^cp U ^ ipU ^ ' 



20 



[1] N. N. Bogoljubov and D. V. Shirkov, Introduction to the 
Theory of Quantized Fields, 3rd ed. (Wiley Interscience, 
New York, 1980). 

[2] C. Itzykson and J.-B. Zuber, Quantum field theory, (Mc- 
Graw Hill Book, New York, 1985). 

[3] S. Weinberg, The quantum theory of fields, (Cambridge 
University press, Cambridge, V.I 1995, V.II 1996). 

[4] E. C. G. Stueckelberg and A. Petermann, Helv. Phys. 
Acta 26, 499 (1953). 

[5] M. Gell-Mann and F. E. Low, Phys. Rev. 95, 1300 (1954). 

[6] N. D. Birrell and P. C. W. Davies, Quantum Fields in 
Curved Space (Cambridge University Press, Cambridge, 
England, 1982). 

[7] S. Weinberg, in General Relativity, edited by S. W. Hawk- 
ing and W. Israel (Cambridge University Press, Cam- 
bridge, England, 1979), p. 790. 

[8] C. Kiefer, Quantum Gravity, second edition, (Oxford 
University Press, Oxford, 2007). 

[9] G. 't Hooft and M. Veltman, Ann. Inst. Henri Poincare 
XX, 69 (1974). 
[10] Z. Bern, J. J. M. Carrasco, L. J. Dixon, H. Johansson, 

and R. Roiban, Phys. Rev. Lett. 103, 081301 (2009). 
[11] M. H. Goroff and A. Sagnotti, Nucl. Phys. B 266, 709 
(1986). 

[12] S. Weinberg, PoS CD 09, 001 (2009). 
[13] R. Percacci and D. Perini, Phys. Rev. D 68, 044018 
(2003). 

[14] D. F. Litim, Phys. Rev. Lett. 92, 201301 (2004). 

[15] M. Renter and F. Saueressig, arXivVOTOS.lSr? [hep-th]. 

[16] D. I. Kazakov, Theor. Math. Phys. 75, 440 (1988) [Teor. 

Mat. Fiz. 75, 157 (1988)]. 
[17] G. 't Hooft and M. J. G. Veltman, Nucl. Phys. B 44, 189 

(1972). 

[18] A. D. Sakharov, Sov. Phys. Dokl. 12, 1040 (1968) [Dokl. 

Akad. Nauk Ser. Fiz. 177, 70 (1967)]. 
[19] S. L. Adler, Rev. Mod. Phys. 54, 729 (1982). 
[20] B. L. Spokoiny, Phys. Lett. B 147, 39 (1984). 
[21] R. Fakir and W. G. Unruh, Phys. Rev. D 41, 1783 

(1990).. 

[22] D. S. Salopek, J. R. Bond and J. M. Bardeen, Phys. Rev. 

D 40, 1753 (1989). 
[23] E. Komatsu and T. Futamase, Phys. Rev. D 59, 064029 

(1999). 

[24] A. O. Barvinsky and A. Y. Kamenshchik, Class. Quant. 

Grav. 7, L181 (1990). 
[25] A. O. Barvinsky and A. Y. Kamenshchik, Phys. Lett. B 

332, 270 (1994). 
[26] A. O. Barvinsky and A. Y. Kamenshchik, Nucl. Phys. B 

532, 339 (1998). 
[27] J. B. Hartle and S. W. Hawking, Phys. Rev. D 28, 2960 

(1983). 

[28] S. W. Hawking, Nucl. Phys. B 239, 257 (1984). 

[29] A. D. Linde, Lett. Nuovo Cim. 39, 401 (1984). 

[30] V. A. Rubakov, JETP Lett. 39, 107 (1984) [Pisma Zh. 

Eksp. Teor. Fiz. 39, 89 (1984)]. 
[31] Y. B. Zeldovich and A. A. Starobinsky, Sov. Astron. Lett. 

10, 135 (1984). 



[32] A. Vilenkin, Phys. Rev. D 30, 509 (1984). 
[33] F. L. Bezrukov and M. Shaposhnikov, Phys. Lett. B 659, 
703 (2008). 

[34] A. O. Barvinsky, A. Y. Kamenshchik and A. A. Starobin- 
sky, J. Cosmol. Astropart. Phys. 11 (2008) 021. 

[35] F. L. Bezrukov, A. Magnin and M. Shaposhnikov, Phys. 
Lett. B 675, 88 (2009). 

[36] F. Bezrukov and M. Shaposhnikov, J. High Energy Phys. 
07 (2009) 089. 

[37] A. O. Barvinsky, A. Y. Kamenshchik, C. Kiefer, 
A. A. Starobinsky and C. Steinwachs, J. Cosmol. As- 
tropart. Phys. 12 (2009) 003. 

[38] A. O. Barvinsky, A. Y. Kamenshchik, C. Kiefer, 
A. A. Starobinsky and C. F. Steinwachs, larXiv:0910.1041l 
[hep-ph]. 

[39] A. De Simone, M. P. Hertzberg and F. Wilczek, Phys. 

Lett. B 678, 1 (2009). 
[40] T. E. Clark, B. Liu, S. T. Love and T. ter Veldhuis, Phys. 

Rev. D 80, 075019 (2009). 
[41] R. N. Lerner and J. McDonald, Phys. Rev. D 80, 123507 

(2009). 

[42] L. A. Popa, arXiv:0910.5312 [astro-ph.CO]^ 

[43] N. Okada, M. U. Rehman and Q. Shafi, arXiv:0911.5"0 73l 

[hep-ph]. 

[44] M. B. Einhorn and D. R. T. Jones, J. High Energy Phys. 
03 (2010) 026. 

[45] R. N. Lerner and J. McDonald, J. Cosmol. Astropart. 

Phys. 04 (2010) 015. 
[46] F. Bezrukov, A. Magnin, M. Shaposhnikov and 

S. Sibiryakov, J. High Energy Phys. 01 (2011) 016. 
[47] M. P. Hertzberg, J. High Energy Phys. 11 (2010) 023. 
[48] D. I. Kaiser, Phys. Rev. D 81 (2010) 084044. 
[49] A. O. Barvinsky, A. Y. Kamenshchik and I. P. Karmazin, 

Phys. Rev. D 48, 3677 (1993). 
[50] B. S. DeWitt, Dynamical theory of groups and fields, 

(Gordon and Breach, New York, 1965). 
[51] A. O. Barvinsky and G. A. Vilkovisky, Phys. Rept. 119, 

1 (1985). 

[52] C. F. Steinwachs and A. Yu. Kamenshchik, One-loop di- 
vergences for gravity non-mmimally coupled to a multi- 
plet of scalar fields: calculation m the Jordan frame. II. 
Comparison with the Einstein frame results, in prepara- 
tion. 

[53] A. O. Barvinsky, A. Yu. Kamenshchik, C. Kiefer, 
A. A. Starobinsky and C. F. Steinwachs One-loop diver- 
gences for gravity non-mmimally coupled to a multiplet 
of scalar fields: calculation in the Jordan frame. III. Gos- 
mological applications, work in progress. 

[54] I. L. Shapiro, H. Takata, Phys. Rev. D 52 , 2162 (1995). 

[55] L. Parker and S. M. Christensen, MathTensor: A Sys- 
tem for Doing Tensor Analysis by Computer, (Addison- 
Wesley, Redwood City, CA, 1994). 

[56] I. V. Tyutin, Yad. Fiz. 35, 222 (1982) [Sov. J. Nucl. Phys. 
35, 125 (1982)] 

[57] G. A. Vilkovisky, Nucl. Phys. B 234 , 125 (1984). 



